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Abstract

The problem of quadratic stabilization of linear uncertain systems with multiple time-varying delays
in state and input is investigated in this paper. The parametric uncertainties are assumed to be time-
varying and unknown but norm-bounded. Applying Lyapunov functional method and the notion of
quadratic stabilization, sufficient conditions for designing a feedback control law to stabilize a class
of uncertain linear system are presented in terms of algebraic matrix equations. The results obtained
depend on the solution of a certain algebraic matrix equation respectively. Finally, a numerical ex-
ample is given to demonstrate the effectiveness of the proposed method.

Keyword: quadratic stabilization; time-varying delay system; time-varying norm-bounded
uncertainty; algebraic matrix equation.

I. Introduction

Quadratic stabilization of uncertain delay systems has been a classical problem for which a variety
of solutions exists, see[1-25] and the references therein. These solutions differ in how uncertainty
and delays are described in the model and in the tools that are used to tackle the robust analysis and
synthesis problems. In [1]-[4], the uncertainties in the system is assumed to satisfy the so-called
"matching conditions”. These conditions are only sufficient for a given uncertain stabilizable system.
In fact, there are many uncertainty systems which fail to satisfy the " matching conditions " but they
are stabilizable [5]. Using the concept of quadratic stability [6], [7] and [8] have studied the
quadratic stabilization of uncertain linear systems. The results of [6], [7] and [8] have been extended
" The work was supported by the National Science Foundation of China under Grants 60574005.

to time-delay [9], norm-bounded uncertainties [10], and time-varying system [11]. The stabilization
problem of uncertain systems with state-delay has been studied in [12] and [13]. The work [13] has
focused on the time systems with state-delay and norm-bounded time-varying uncertainties.

In this paper, we extend the result of [13] to a class of continuous systems with norm-bounded
time-varying uncertainties and multiple delays in state and input, using the concept of quadratic
stabilization [6]. The system studied here fails to satisfy the matching condition. We assume
parametric uncertainties to be time-varying and unknown but norm-bounded. Applying Lyapunov
functional method and algebraic matrix equations, we get the conditions for designing a feedback
control law to stabilize a class of uncertain linear system with multiple time-varying delays in state
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and input. The results depend on the solution of a certain algebraic matrix equation respectively.
Finally, an example demonstrates the effectiveness of the proposed method.

Note 1. Throughout this paper, we let R =(—o,%), R, =[0,0), R" be any real n-dimensional
linear vector space equipped with Euclidean norm |||. Given any matrix W, letW', W™, A[W] be,

respectively, the matrix transpose, matrix inverse, and the set of eigenvalues with
A, [W] (4,,[W]) being the minimum (maximum) eigenvalue. We use W >o(W0) to denote
(positive-(negative-)) definite matrix W in addition, for given 2>0, we let C denote the Branch
space of continuous functions r :[-4,0] > R" with

”7[ . = SUD caco 77(05)" 1)
If X :[-h,z]— R" is continuous and 7 > 0 then we introduce X, € C and
x,(a)=x(t+a)-h<a<0 )

This means that for fixed k£ €[0,z], x, denotes the restriction of X to the interval [k —h,k]
translated to [-4,0]. we also use the superscript "T" and "-1" represent the transpose and matric
inverse respectively, A[Q] denotes minimum eigenvalue of matrix Q.

I1. System Description

Consider a class of linear continuous time uncertain system with state-control delays
3(1) = [Ag + Ao (OIx(0) + D[4, + A4, (0)]x(t — d, (1)) +[ By + AB, (1)]u(t) -
i-1 3
+ Du(t —e(t))

where x(¢) € R" is the instantaneous state vector; u(¢) € R™ is the control input. 4, € R™", 4, €
R™(i=1,...,n),B,,D e R™" are known constant matrices. The matrices A4,(-),A4,(-)(i =1,...,n)
and AB, (-) are real-valued functions representing time-varying parameter uncertainties and d, (¢)
(1=1,...,n); e(r)are any time-varying bounded functions satisfying
0<d,(f)<d, <o,d.(t)<n <L0<e(t)<e <oo;é(t) <p'<l(i=1,...,n) (4)
The initial condition of system (3) is given by
x(t, +0) = $(0),V 0 e [-max{d, ,e'},0](i =1,...,n)
where ¢(-) is a differentiable vector-value initial function defined over Banach space
C[-max{d.,e'},0].
In this note, we assume that the uncertainties satisfy:
A, ()=H,F@)E,(i=01...,n);AB,()=H, F()E,, (®)
Where H,(i=01,...,n+1) e R"™ E,(i=01,...,n) e R"" E_, € R”" are known constant matrices.
F(¢) € R is an unknown matrix function satisfying
FT(OF(@)<I (6)
with the elements of F(-) being Lebesgue measurable. In order to facilitate further development,
we introduce
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A1) = Ay + HoF(t)EmB(t) =B, + Hn+lF(t)En+l’
o (1) = 4, +HiF(t)Ei’yi (1) =x(¢ —d, ),
§ (7)
2() = x(t—e(0).6, = |E[@-n)RTE/|
R=diag[1~7,)R, ... A~7,)R, (1~ )M]
for i=1...,n.
Definition 1. The uncertain linear system (3)-(7) is said to be quadratically stabilizable if there
exists a linear feedback control law u(t) = Kx(t), positive-definite symmetric matrices P;R,
(i=1...,n);M € R™ and a constant & > 0 such that the following condition holds. Given any
admissible uncertainty F (*), choosing
T - [ T ! T
V(t) = x" (£) Px(t) + zl |y ORx@dr+ [ T (0)Mx(e)dz 8)
as the Lyapunov function of closed-loop system. The Lyapunov derivative corresponding to the
resulting closed-loop system satisfies the bound
V(t)=x"()[PA+ A"P+2PBK + M + ) R Jx(t) + Y [2x" (1) PC,y,(t)
i-1 i-1
+2x" (1) PDK=() - (L= d())y," (6)Ry, (1) — (L= é(e))z" (1) M=(2)] 9)

<&

for all (x,t) e R"™.
Before moving on, we introduce a lemma, which is essential for the development of our result:
Lemma 1. Given any constant p >0 and matrices D, E, F(t) with compatible dimensions such

that F" (0)F(t) < I, then
2x" (t)PDF (t)Ex(t) < px" (t)PDD" Px(t) +le(z)EETx(t) (10)
Yo,

forall x(t)eR".
I11. Main Results

In this section, we give a control law to stabilize the uncertain linear system of (3)-(7) and summa-
rize the results as the following theorems.

Theorem 1. Let S € R™™,Q € R ,R, e R"™" (i =1,...,n) and M € R"" be positive-definite
symmetric matrices and suppose there exists a constant p >0 such that the algebraic matrix

equation

PAy+ Ay P=2PBS7 B P+ M + Y R +> PA[(L-7,)R]1" 4P
i=1 i=1
(11)

+PDS™B," P[L-7'YM] ™" PB,S D" P+ PGP+ %EOTEO +0=0

has a positive-definite symmetric solution P, where
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i=1

" (12)
+ ZAi[(l_ ur )Ri]_lEiTEi [(1_ U[)Ri]_l AiT]

Then the uncertain delay systems (3)-(7) is quadratically stabilizable. At the same time, a suitable
stabilizing control law is given by

u(t) =—S™B," Px(t) = Kx(t). (13)
Proof. Suppose that the algebraic matrix equation (10) has a solution P = P" >0, and let u(¢) be
given by (12). Therefore, according to (7), the closed-loop uncertain system (3) can be expressed by
(1) =[4y + HoF()E Ix(t) + D[4, + H F(0)E 1y, (¢)
i=1
+[By + H,, F()E, ., ]Kx(r) + DKz (1)

=[A(¢) + B(t)K]x(¢) + Z C.()y,(t) + DKz(t)

i=1
For the Lyapunov function

(14)

V(t) = x7 (£) Px(t) + Z [ id,.m x" (DR x(z)dT + | ;m X" (£)Mx(z)d.

which is positive-definite for all x(¢z) = 0, the Lyapunov derivative corresponding to the closed- loop
system (14) is given by

P(t) = x" ()[PA+ A" P+2PBK + M + Y R 1x(t) + 3 [2x" () PC, (1), (¢)

i=1 i=1

(15)
+2x" (1) PDK=() - (1= d, 1))y, () R,y (1) - (L= é(0)=" () M=(1)]
We can rewrite (13) into the following form

) V) =[x"() » ()

v, () 2" (0]
g PC, : PC, PDK | x(t) ]
ClTP _(1_d1(t))R1 0 0 () (16)
C, P 0 o —(1-d, ()R, 0 ¥, ()
K'D'P 0 0 —(@A-e(@)M | z(t) |
where

E=PA+A"P+2PBK+M +) R,
i=1
By using Schur complement argument, it following from (16) that

W =PA+A P+PBK+M+Y R +K'"B"P+[PC, PC, PDK|R™
i=1
[PC, PC, PDK|' =PA+A"P+M+Y R +K"B"P+PBK (17)
i=1l
+> PC[(L-n,)R]'C,/P+PDK[L-n)M]'K'D"P<0
i=1l
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In order to verifying (16), we should construct an upper bound for the Lyapunov derivative in (17).
So, we rewrite W into the following way

X" (eyx(t) =x" (6)Y {[P4, + 4y P—2PB,S'B," P+ M +R,

i=1
+PA[A-7,)R] A" P+ PDK[1-n')M] K" D" P]
+[PH,FE, +E,’ FTH," P] (18)
+[PH, ,FE, K+K"E, 'F'H, ,P]
+[PA[U1-7n)R1E"F"H P+ PH.FE[Ql-n)R]" 4 P]
+[PH,FE[1-7,)RIE F"H, P]}x(z)
Applying (13) to the second, third, forth and last terms in (18) we can get
x"()[PH,FE, + E,' F"H,' Plx(t) = 2x" ({)PH ,FEx(t)

n+l n+l n+l

< px” (t)PHH,' Px(t) + Ly ()E," E, x(t) (19)
o
x"([PH, ,FE, ,K+K"E,,'F'H,, Plx(t)=2x"(t)PH,,,FE, Kx(t)
S pr (t)PHn+lHn+lTP‘x(t) + i‘xT (t)KTEn+1TEn+le(t) (20)
Yo

x’ (t)[PAi[(l_ni)Ri]_lEiTFTHiTP+PHiFEi[(l_ni)Ri]_lAiTP]x(t)

= 2x" ()PA[A-n)RIE F"H, Px(t)

< px" (t)PH,H," Px(t)
+ %XT (O[PA4,[A- ni)Ri]_lEiTEi [d- ni)Ri]_lAiTP]x(t) 21)
x"(t)PH.FE[(1-n,)R1E,F"H Px(t) < 0.x" ({)PH.H," Px(t) (22)
So, from (19), (20), (21) and (22) we can obtain
V() < =" ()0x" (1) < =2, [01|x(0)| (23)
Forall (x,7) € R" x R. Therefore the inequality (6) is satisfied with& =4 [0] > 0. ]

Remark 1. Insystem (3), if D =0, the system becomes the system discussed in [15]. In nominal
system (without uncertainties), we can see that H, =0,E,=0,H, =0,E, =0,H,, =0,E, =0,and
hence G =0. It turns out that the quadratic stability requires
PAy+ A, P=2PB,S™ B, P+ Y PA[A-n)R]1*4,'P
= ) (24)
+PDS™'B,' P[(L—17')M]* PB,SD"P+M + ) R, <0

i=1

Remark 2. 1t should be emphasized that the upper bound is not conservative. A larger upper bound
can be obtained by the following theorem.
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Theorem 2. Let Se R™",Q0e R ,R, e R""(i=1,...,n),M € R™" be given positive-definite
symmetric matrices and suppose that there exists a constant p > 0 such that the algebraic matrix
equation (8) has a definite solution.

Then given any positive-definite symmetric matrices S € R™",Q" € R™", and Rl.* € R,
M~ e R™", there exists a constant p* > 0. Such that given any p €[0, p’], the algebraic matrix
equation

PAy+ 4y P=2PBy(S")'B,’ P+ M +> R +> PA[L-n)R 1" 4" P+PD(S")*

=1 =1
x By, P[Ll-n" )M 1" PB,(S")*D"P+ PGP JéEOTE0 +0 =0 (25)
y2

where

n+l n
G =PI HH1+Y.0[HH] +%[Bo (S)'E

i=0 i=1

TErH—l (S*)ilBOT

n+l

+ iAi[(l_ n[)Ri*]ilEiTEi[(l_ 775)Ri*]71 AiT]

i=1
has a positive-definite symmetric solution P .
Proof. Suppose that P is a positive-definite symmetric solution to (10). Therefore

P" = pPsatisfies the algebraic matrix equation

P Ay + A4, P —310*30 (S)'By P +pM™+> pR ™+ ZEP*Ai [A1-7)R 1 A" P
P i=1 i=1
+%P*D(S*)lBOTP*[(1— )M 1 P B,(S")*D" P +%P*G*P* +E,Ey+p0° =0

Using the results of [7] and [14], it directly follows that there exists a constant p* > 0 such that
the algebraic matrix equation

PAy + A4, P - 31'5130 (S)'B, P+ pM™+> R+ ZiﬁAi[(l— n)R 114" P
P i=1 i-1 P
+ Aisﬁp(s*)*lgofﬁ[(l— )M 1 PB,(S")*D"P RES-Yeu E, E,+p0 =0
P P
has a positive-definite symmetric solution P forall pe(0,07]. ]

Remark 3. We can see from Theorem 2 that the failure or success of the algorithm is independent of
the selection of Q,S, and R,(n =1,...,n) . If the algorithm succeeds, we can conclude that the

uncertain system (1)-(5) is quadratically stabilization by control law (10).

V. Simulation Example

Now, we consider a dynamic system with the following data

0 1 0 0.1 0 0 0.2sint
AO = , Al = , BO = , AAO (l‘) = i s
-2 -3 -0.2 -03 1 0 0.1sin¢

AA(F) = 0.2sint 0 AB(f) = 0.2sin¢ Do 0 B 2
(1) = 0.1sinz 0| (D) = 0.1sin¢ | RERE 4= -1/
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d,(t) = plcos(ax)|, e(t) =vcosar|, F()=sint, E =[0 1 E,=[1 0]

10
. J, H, =H'=H, =[02 01 p=0.01

E3:1, M:RIZQ:|:
u=v=9,n=n=0.09.
We can get from Matlab
| 23325 -0.0239
| -0.0239  0.4473

So the feedback control law can be chosen as
u(t) =[0.0239  —0.4473]x(?).

}, |P|=23328, 6 =10.

The resulting closed-loop state trajectory is presented in figure 1.

V. Conclusion

This paper has established a linear feedback control law that can stabilize a uncertain system with
state-control delay and time-varying unknown-but-bounded parameters. The controller in this paper

is obtained from solving an algebraic matrix equation. An simulation example illustrates the
effectiveness of the method that given in this paper.
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Fig. 1. Quadratic stabilization of uncertain

delay system
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